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EFFECT OF RANDOM MATERIAL PARAMETERS ON
NONLINEAR STEADY CREEP SOLUTIONSt

F. A. COZZARELLIt and W. N. HUANG§

Department of Engineering Science. Faculty of Engineering and Applied Sciences,
State University of New York at Buffalo, Buffalo, New York

Abstract-An analysis is presented concerning the effect of random material parameters on nonlinear steady
creep in a 3-bar truss. Parameter randomness is in general large and is introduced through randomness in the
temperature and in the density of imperfections. Analytical and numerical results are presented on the statistical
properties of the material parameters and of the stress and velocity. It is shown that randomness in the material
parameters will on the one hand introduce only a very slight randomness in stress and on the other hand a very
significant randomness in velocity.

1. INTRODUCTION

THE scatter ofdata obtained from even carefully conducted creep tests on metals at elevated
temperatures is far greater than that for ordinary room temperature testing. Such scatter
is of course even more pronounced under actual service conditions. It is due to random
fluctuations in the load and temperature and to the presence of random material im
perfections (Hoff [1]). Randomness in the load results in a "random input problem", and
such problems are not the concern of this work. On the other hand, since the creep para
meters are highly dependent on temperature, randomness in the temperature does result
in a "random parameter problem". Some work in this area has been published (Soong and
Cozzarelli [2], Parkus [3]), and it has been found to be a significant effect; we shall consider
this effect in the present work. The effect of random material imperfections on nonlinear
steady creep solutions is a random parameter problem which has received virtually no
attention to date, and thus we turn our attention to this problem as well.

If one can obtain accurate control over the environment during creep testing and
during actual service conditions, then the effect of randomness in load can be minimized.
On the other hand, it is more difficult to control the temperature so that, for example, it is
actually uniform. Furthermore, material imperfections are microscopic in nature and it is
virtually impossible to obtain effective control of such imperfections. Various kinds of
imperfections, such as dislocations, point defects, impurities, grain boundaries, etc. are
always present in a metal, and in numbers which are for the most part unknown. The creep
parameters are highly temperature and structure sensitive, and accordingly they vary
greatly from sample to sample and from point to point within a sample. Thus, it would
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appear that randomness in the material parameters is probably the most signi1icant source
of the observed randomness in a creeping metal structurc.

It is well known that for creeping metals the strain depends not only on tlmc but also
exhibits a nonlinear dependence on stress. If we hope to obtain useful statistical results
from such a complicated expression, we must confine ourselves, at least in the beginning,
to the simplest possible situation. Thus, we will assume that creep has entered the secondary
creep stage and that the steady creep strain dominates the elastic and transient creep
strains. In such a situation we may employ the widely used creep power law, which in the
one-dimensional case may be written as

i: '''' San.

Here, a is the stress, I; is the strain rate and S and II are material parameters.
Now as we have already remarked. even if the load may be considered deterministic,

randomness in the temperature and the imperfection density and consequently in the
material parameters is still generally present. Thus, we consider the parameters Sand n to
be random parameters ,S and fl, where a carat over a symbol is used here and in the sequel
to represent a random quantity. Clearly, in a structure governed by equation (1) the strain
rate is a function of these random parameters and thus i; is also a random quantity 8.
Furthermore, if the structure is statically indeterminate the stress will be a function of ft.
and thus a will also be a random quantity fJ. Accordingly, equation (1) must in general be
written as

(21

Equation (2) is not in a convenient form, since the units ofScontain the random power il
and are thus random. Following Odqvist [4J, we shall rewrite this equation as

(3)

where (Je is an arbitrary deterministic constant equal to a reference creep stress, and t.e is a
random material parameter equal to the random creep rate obtained when fJ = (ie' The
units of t.e are deterministic, e.g. (hr) - 1

In general we might expect that the parameters Ec and fl would depend on both the
temperature Tand the imperfection density N, and accordingly Ee and fl would be correlated
random quantities. However, experimental evidence (e.g. see Dorn [5J) indicates that Thas a
negligible effect on fi and conversely N has a negligible effect on Ec . Thus we may as a first
approximation write

n= G(N) (4)

where, in accordance with experiment, F(T) is a monotonically increas~ng fun~tion and
G(N) is monotonically decreasing. It is clear on physical grounds that T and N may be
considered independent, and it follows from equations (4) that 8e and nwill also be inde
pendent.

The present paper considers the specific problem ofcreep in a 3-bar truss subjected to a
prescribed deterministic load, where the creep parameters 8e and fl are random processes
in space resulting from random processes T and N. The results of the analysis of this
particular statically indeterminate creep problem will serve to provide insight into the
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effect of random parameters on'creep in indeterminate structures in general. The derivation
of the governing expressions for the stresses and velocities for this truss, with arbitrary
statistics for Be and fI, is presented in Section 2. This is followed in Section 3 by a discussion
of a probabilistic model based on equation (4), with t and N assumed to be independent
homogeneous random processes. It is shown that for large randomness the first order
density functions of both 6e and fI are lognormal. Then, the density functions and statistical
moments of the stresses and velocities are given in Section 4. The final section contains a
summary of the results obtained.

2. GOVERNING EQUATIONS

Consider a 3-bar truss subjected to a prescribed deterministic vertical load Qat point 0

as shown in Fig. 1. The cross-sectional area A is taken constant and equal for all bars, but
the temperature and imperfection density and accordingly the material parameters are
random functions of the distance along the bars. We see from Fig. 1 that the coordinate y
defines points on each ofthe three bars, and that in particular y = 0 defines junction point 0

and y = -I defines the three supports. Using the subscript i = 1,2,3 to identify a particular
bar, we obtain from stress~strain relation (3)

i = 1,2,3 (5)

where the material parameters 6ci(Y) and fib), the axial stress &;(y) and the axial strain
R;(Y) in the ith bar are in general random processes in y.

Now, equilibrium in the ith bar yields the condition

(6)

Thus we see that the stresses &i are independent ofy and hence are simply random variables.
Then, equilibrium at point 0 gives

&1 = &3 (7a)

&2 + 2&1 sin e= QIA = (Je (7b)

where eis the angle to bars 1and 3, and where the reference stress (Je in equation (5) has been
chosen here as QIA.

e e

Q

FIG. 1. 3-bar truss.
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Next, geometric compatibility at point 0 requires

itcosO+vsinO = l'l(())

t = L! 2(0)

(8al

(Yl

( 10,\

- it cos () +Vsin U "'" L: 3(0) ilk

where it and b are the horizontal and vertical velocity components respectively of the
junction point 0 (see Fig. 1), and where 01(0), 0AO) and 03(0) are the axial velocities in
the three bars at point o. Equations (8) are three equations in five velocity variables, and
thus only two of these velocity variables are independent. For example, if 0 teO) and O2(0)
have been determined, then in accordance with equations (8) 0,(0) must satisfy the com
patibility equation

U1(0)+ U3(0) 2U2(0) sin (j = 0

and it and vfollow directly from equations (8a) and (8b).
Finally, we have the strain displacement relations

'" dUI (v) . dU1(y)
8 1( v) =---7"~-:_- = sm U-~----

- d(ylslll 0) dl'

"'() dU 2(y)
£2 v =. dr

'" . dU3(Y)
G3( v) = SIn (}-------- .
. - dy

Using equations (5) and (6) to eliminate the strai1J.s from eq;tations (1q), and integrating
from y = -1 to y = 0 with boundary conditions U 1( -1) = U2( -1) = U 3( - 1) = 0, yields
axial velocities at 0

Ola)

( lib)

(lIe)

By replacing the lower limit 0 in equations (11) with variable limit y, we may obtain corre
sponding expressions for the random processes Uj(y).

A single stress compatibility equation in the random variable (t2 may be obtained by
substituting equations (11) into equation (9) with {j 1 and (t 3 eliminated by means of equa
tions (7), giving

(12)

Once this integral equation has been solved for {j2' we may obtain (t 1 and (t 3 from equations
(7),0 1(0) and U2(0) from equations (Ha) and (lIb), U3(0) from equation (9), and finally
it and b from equations (8a) and (8b).
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As we have stated, the randomness in the material parameters will in general be large.
Accordingly, the use of a perturbation technique which requires that the parameters be
slightly random is precluded in the present case. We are thus faced with a very difficult
nonlinear problem, and it is clear that some simplification is essential. Hence, we shall
in the present analysis take e= 45° and make the rather strong assumption that the tem
perature and imperfection density and accordingly the material parameters are equal
random processes in the three bars, i.e.

nl (y) = nz(y) = n3(y) = n(y)

Set(Y) = sdY) = Sc3(Y) = sb).

Then, we obtain from the above formulation

(l3a)

(l3b)

II Siy)[(ac-fJz)n(y) _~(fJz)n(Y)J dy = 0 (14a)
o .J2ac 2 ac

U = 0 v= {SiY)( ~:) n(y) dy. (l4b)

In the special case ofmaterial parameters independent of y (i.e. random variables), equations
(14) simplify further to

ac
fJ z = I +2(n Z)/Zn (15a)

(15b)

(l6a)

(l6b)

In the following section we make some plausible assumptions about the statistics for
the temperature T(y) and imperfection density N(y), and then develop the statistics of
parameters sc(Y) and n(y) from functions F and G in equations (4).

3. PROBABILISTIC MODEL

We assume that the imperfection density N(y) and the temperature T(y) are homogeneous
normal random processes. The first order density functions are then given by

f(N) = 1 e-(N-No)2/z"J.

.J(2n)aN

f(T)= I e-(T-To)2/z,,}

.J(2n)aT

where a~, a} are the variances and No, To are the means. Since the randomness in T(y)
is essentially unrelated to the randomness in N(y), it is reasonable that N(y) and T(y)
be considered independent.

We may demonstrate the plausibility of equation (16a) by considering the following
reasonable model for the introduction of imperfections into a metallic bar during manu
facture. We are given m imperfections and M metallic bars, where m » M. Our experiment
consists of dividing these imperfections among the bars by "tossing" them into these bars
one at a time and at random, where for the moment we think of each bar as a "box" and
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ignore the space coordinate y. We may assume that the trials are independent because
there are a very large number of lattice sites in a particular bar into which an imperfection
may fall. This is a classic problem in probability [6], and the probability density function
for the number of imperfections in a particular bar is very closely approximated by equation
(16a), with (T~ = (m/M)(l -11M) » I and No mliH Having thus demonstrated that
is reasonable to take N as a normal random variable, it is logical to extend the argllmen\
further by taking N(y) as a normal random process

Turning now to the temperature, we may demonstrate the reasonablenes,> 01 '-'-1'.",1.<".'1'

(16b) by constructing a similar experiment. Here we let m equal the number uf lInpu!:;(:·,

of heat that the surrounding medium transmits to the M bars hy random impalf By mak
assumptions analogous to those made above, we may arrive at equation (16b)

Now we may develop the statistics of parameters c)r) and n(r) in accordance wit h
equations (4).

3(a). Statistics of [eU')

The most widely quoted [5J form of the function F in equations (4) is

Betr) = FiT(y)] = A e lllirl 11 \

where A and B are taken as temperature and imperfection insensitive material constants
However, as discussed in [4, 7J, equation (17) may be approximated with good accuracy
by the more convenient expression

,18ai

i(y) (18b)

where To is a constant reference temperature taken here as the mean value, and is the
value of Be at T = To which shall be called here the nominal value.

Since T(y) is homogeneous normal with mean To [equation (l6b)J, it follows from equa
tion (18b) that the nondimensional temperature flY) is homogeneous normal with mean
zero, i.e. its first order density function is

i
f(t) ''''T::' e

v (...1t)(T,

where (i; is the variance of f(y). Rewriting equation (1 8a) as

(19)

(20)

we may then easily show from equations (19) and (20) that the nondimensional parameter
6'(y) is a homogeneous random process with first order density function

(21 )

where U(~) is the unit step function.
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Equation (21) is the lognormal distribution [8J, and its properties are well known. In
particular, the mean E{C}, variance a~ and most probable value max{C} are given by

E{ C} = e"v2 > 1 (22a)

a~ = e"~(e"~ - 1) > a; (22b)

max{C} = e-"~ < 1. (22c)

By considering second order statistics we find the autocovariance

(23)

(25)aT small.

where CilJ) is the autocovariance of f(y) and IJ = YI - Y2' In subsequent work, we will
choose for CilJ) the physically plausible exponential expression

CilJ) = a; e-I~I/d (24)

where d is the correlation distance. For this case, we will prove in Section 4(a).2 that C(y)
and correspondingly ec(Y) are ergodic in the mean.

Finally, one can show that ifC is distributed near to its nominal value 1(value at T = To)
it is then approximately normal with mean 1 and variance a;, i.e.

f(tff) ~ 1 e-(C-l)2/2"~,
.j(2n)aT

The lognormal distribution for C [equation (21)J and its normal approximation [equation
(25)J are illustrated in Fig. 2 for two values of a" where the left-hand and lower scales apply
in this case.

3(b). Statistics of fl(y)

The exact form of the function G(N) in equations (4) is not as well established as the
form of function F(T). However, from the discussion and data given by Garafalo [9J, we

2 3 n 4 5 6

4.0

at .. 0.1

"0 a 3
C1Nno = 0.2

LOGNORMAL

2.0

3.0 NORMAL APPROX. 1.5

f (tl f<n)

2.0 1.0

FIG. 2. First order density function of .f(y) and A(y).
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conclude that n(y) decreases in an exponential-like manner as the imperfection denSll\
N(y) increases. Furthermore, n(y) -+ I as N(y) -+T., i.e. a creeping metal tends toward ;1

Newtonian fluid as the structure tends toward complete disorder. Based on these obserVe!
tions we propose the relation

n(y) = G[NCr)J = I +:x e lii'lv; L2b

where :x and f3 are imperfection and temperature insensitive material constants.
The constants a and f3 in equation (26) are conveniently expressed in terms of data at

the mean value No. Equation (26) may then be rewritten as

A ( n;)[N(YI--NoJ)
n(y) = 1 +(110-1) exp ----(~~=-1)--- (27)

where no and the negative of the slope n~ are nominal values defined as

11 0 = nIN=\o 11~ = -dn/dNl,v="io' (28;

Now, N(y) has been assumed to be homogeneous normal with mean No and its first
order density function is given by equation (16a). It then follows from equation (27) that
n(y) is a homogeneous random process with first order density function

f(n) = )(2:;~~~~~~=-1)exp {-~~:"i~i:2lln (~~\) TJU(n-l). 129)

This is a lognormal distribution [8J with two parameters (110 and O'Nn~), and nhas the
following statistical properties:

E{n) = I +(110-I)exP[2;~~~qi~2J > 110 (30a)

0'; = (no-I)2exp[(~:~ol;2J{exp[(~;v~~1;2J-l} > (O'Nn~)2 (30b)

A I l' (O'NI1~)2 Jmax{nr = 1+(l1o-l)exp _-(-~=-~IT2 < no' (30c)

Note thatf(l1) starts at zero at 11 = I, builds up to a peak to the left of the nominal value 110
[equation (30c)J, and then tapers in a tail to infinity.

We can easily determine the autocovariance

(33)0' n'
~small
110- 1

Cn(l1) = (110- 1)2 exp[(~:~~1;2J {exP[~~~;)iCN(l1)J -I} (31)

where CN(l1) is the autocovariance of N(y). If C N(l1) is chosen as the exponential expression

C
N

(l1) = O'~e-I~I/d (32)

then analogous to the behavior of i(y) one can show that n(y) is ergodic in the mean [6].
Also, if O'Nn~/(nO -1) is small enough (e.g. :::;;0·2) we may approximate equation (29)

by the normal distribution

. 1 (n-110)2)
}(n) ;:::0 J(2n)O'

n
exp -- 2O'~ '
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where E{n} = no and 0"; = (O"Nn~)2. Figure 2 may be used again to illustrate the lognormal
distribution for n [equation (29)J and its normal approximation [equation (33)J, where
now the right-hand and upper scales apply.

In the next section, we return to the 3-bar truss problem formulated in Section 2 and
utilize the probabilistic model presented here in conjunction with equations (14) to develop
the statistics of the stresses and velocities.

4. STATISTICAL ANALYSIS OF STRESS AND VELOCITY

In accordance with our development, the random temperature T(y) affects only the
parameter £/y) whereas the random imperfection density N(y) affects only the parameter
n(y). And, T(y) and N(y) are independent. Hence, the "random temperature problem"
[equations (14) plus equations (18)J and the "random imperfection problem" [equations
(14) plus equation (27)J are uncoupled problems, and we treat them separately.

4(a). Random temperature problem
1. Stress solution. If only the temperature T(y) is random we set n(y) = no, and since

f~ £c(Y) dy > 0 equation (14a) yields the following simple solution for stress:

(34)

Thus, stresses &1, &2 and &3 [equations (7)J are all deterministic constants. Had we not
assumed £c1(y) = £cz{Y) = £c3(y), equation (12) would have given the solution

(35)

Now, in accordance with our previous discussion the £ci(Y) in the 3-bars are homogeneous
random processes with equal ergodic mean, whereupon equation (35) reduces to equation
(34) as 1-> 00 and again the stresses are deterministic. Thus, we may expect that, even
under the most general of conditions, randomness in temperature will introduce only a
very slight randomness in stress.

2. Velocity solution. Turning now to the velocity, we obtain from equations (14b) [with
n(y) = no and &2 = 0"2J and definition (20) the expressions

(36a)

(36b)

where Vo is the nominal velocity (value at T = To). We see that for the special case C(y) = C
(random variable) the density function j(v/vo) is identical with the first order density func
tion j(tff) [equation (21)J, i.e. it is lognormal. In the general case of C(y) a homogeneous
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random process, the determination of the density function of the velocity ratio to;too IS very
complicated and shall not be attempted here. However, we shall determine the mean and
variance of iJ/Vo.

The mean follows directly from equations (36a) and (22a) and the homogeneity of ityl ,,,-

E{iJ,Ho] = E{&'(r)} CC~ > 1

whereupon we see that the mean velocity always exceeds the nominal velocity. It may be
shown [6J that the variance is given by integral

I 1'21 () .
a~!i.·o = I I J

I • () •
!3i1)

where the autocovariance Cg(l1) must satisfy equation (23). For the purpose of illustration.
we choose equation (24) for the autocovariance of fly). Substituting this equation into
equation (23) we get

- J

and then evaluating integral (38) we obtain the expression

.~. {I ~ e 2ktfd)1.
2/-;1

.J

1401

The following limiting values follow from this result:

a".·lim {'I"o = 0
d/l-·O a~

(41)

Physically, the limit dll ........ :x (perfect correlation) is equivalent to assuming that fly) and
8(y) are simply random variables, while the limit till --+ 0 (uncorrelated) corresponds with
taking fly) as white noise. Finally, we note that since /;/1)0 is the spatial average of (~tv)

[equation (36a)J the vanishing of a;'/IO'O as I ........ eX) verifies our earlier statement that 8(1') is
ergodic in the mean when equation (24) is valid.

We note from the above that both the variance and the mean of the velocity ratio
are independent of the parameter no. In Fig. 3, the variance ratio given by equation (40)

Fro. 3. Variance of velocity-random temperature problem.
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has been plotted vs. the distance ratio dll for several values of (Fr' The velocity is clearly
very sensitive to variations in temperature. For example, consider the typical values
To = l000o R, B = 30000oR, (FT = 100 [i.e. P{970 :-s; f :-s; 1030} = 0·9973J and dll = 1;
equations (18b) and (22b) then yield (Fr = 0·3 and (Fg = 0·321. And, equations (37) and (40)
yield the values E{vlvo } = 1·046 and (Fv/va = 0·24Q--clearlya significant effect. The results
obtained in this section are in qualitative agreement with the results obtained for a circular
plate in [2].

4(b). Random imperfection problem

1. Stress solution. In this problem we seteb) = EeO' whereupon equation (14a) becomes

(42)

In principle, this integral equation specifies the statistics of random variable ff2 in terms
of the statistics of random process n(y). However, its analysis is very difficult and some
simplification is desirable. To this end, we will assume that the random process n(y) deviates
by a small amount from a random variable, i.e.

n(y) = n+<;V(y) (43)

where n is a random variable, v(y) is a random process and <; is a small parameter. Note
that since n is not taken to be slightly random, equation (43) does not imply that n(y) is
slightly random.

We may now use <; as a perturbation parameter in the analysis of equation (42), and
accordingly we expand the stress in a perturbation series

(44)

(46)

Inserting equations (43) and (44) into equation (42), expanding the integrand in a Taylor
series in <;, and then grouping terms ofequal order, we obtain a sequence ofequations which
may be solved successively for 8o, .~1' 82, .... The result up to order <;2 is given as

ff 2 1 (In 2)2(';-2)/2'; [1 I' A J
(Fe = 1+2('; 2)/2'; <;n2(1+2(';-2)/2';)2 I J

o
v(y)dy

2«(In 2) In[2(1+ 2(';- 2)/2,;)2';J [ 1 I' A 2 J
+<; n3(1 +2(;;-2)/2';)22(11+2)/2'; I J

o
V(y) dy

_ (In 2){[1 +2(,;-2)/2';][n In(1 +2(,;-2)/2';)-IJ+ln 2}2(';-2)/2';[~ I' A J2)
n3(1 + 2('; 2)/2';)3 I J

o
v(y) dy . (45)

We have indicated previously that if N(y) is a homogeneous random process with an
exponential-type autocorrelation, then n(y) is a homogeneous random process which is
ergodic in the mean. Assuming further that E{fi(y)} = E{fi} we obtain for 1---> (fJ the result
E{v(y)} = (1/1) f~ v(y) dy = 0, and equation (45) simplifies to

ff 2 1 (In 2) In[2(1 + 2(';- 2)/2,;f';J
_~~~+<;2 2

(Fe 1+2(';-2)/2'; fi3(1 +2('; 2)/2,;f2(11+2)/2,; (Fv
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where a; is the variance of v(y) when illY) is taken to be ergodic in the autocorrelation.
Given that illy) deviates by order I; from the random variable il, equation (46) indicates
that the stress ft 2 deviates by order 1:

2 from the solution for illy) = it Hence. it appear,
that an analysis of the special case illY) = il will yield reasonably accurate statistical mfor··
mation about ft 2 . In the remainder of this section we will confine our attention to this
special case, for which we set I: = 0 in equation (46) and obtain

a, 147i

in agreement with equation (15a).
For convenience, we rewrite equation (47) in nondimensional form as

(J 20

g(no)
1+-iiT2iiiiJ (48)

(49)

where the nominal stress (J20 and the constant gino) are given by

(Je
(J20 = ~--.

gino)

Given that il is lognormal [equation (29)J, the density function for ft 2!(J20 follows from
equation (48) as

where

x = [lii{J(2)(;;~7d7d(~J=(~2/0"2~mJ -1 a = ~-:l.... (51)
no-l J(2)aN n;)

Equation (50) has been plotted in Fig. 4 (solid lines) for typical values of no and aNn~.

The lower cutoff on stress [a2!a20 = g(no)/(l +.)2)] corresponds with n -+X), while the

501

4+
I

30~
f(~) I

20~

10

~ 0---' ,, I"""~ ~ 0'

I .

II L_OGNORMAL

n NORMAL APPROX

( ,880 ..;,~ {, 1.244 )
<ri.

02/0-20

FIG. 4. Density function of 8 2/a 2o--random imperfection problem.
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upper cutoff [0"2/0"20) = g(no)/(l + 1/J2)] corresponds with n = 1. At both of these points
!(0"2/0"20) equals zero. Note that although the density function for fl is asymmetric, the
density function for &2/0"20 is almost symmetric with respect to 0"2/0"20 = 1. In fact, it is
exactly symmetric when no = 2.

Due to the complexity of equation (50), we were not able to obtain closed form expres
sions for the mean and standard deviation of &2/0"20' However, these statistical properties
are easily obtained by numerical integration, and typical curves are shown in Fig. 5. Note

.12r---,-------,,---------,---,-----,---,------,----,-------,

CT.n" = 0.2

··CT.no = 0.5

r--- CT. no = 0.8

n Lognormal

Results by Numerical Integration

0.0
6 7 9 101.5 2 4

1.003

1.001

El~) : : ~CT.no = 0.8

~CT.no~ 0.5

~---ONno ~ 0.2

4 6 7 8 9 10
no

FIG. 5. Mean and standard deviation of c1 2/<12o-random imperfection problem.

that, for values of the material parameters within the range of practical interest, E{&2/0"20}
is very close to unity and O"U2!U20 is very small. For example, consider the rather extreme
values O"fI/ = 102 cm - 2, no = 3 and no = 0·8 x 10- 2 cm2

; then equations (30) yield
E{fl} = 3·167 and O"n = 0·902, and Fig. 5 yields E{&2/0"20} = 1·002 and O"U2!U20 = 0·032.
Thus, although the creep power fl may fluctuate greatly as a result of random fluctuations
in the imperfection density N(y), the stress ratio &2/0"20 is almost insensitive to such fluctua
tions. We conclude that in the random imperfection problem the stress may be assumed
to be deterministic with little loss of accuracy.

For small enough values ofO"fl/no/(no- l)(e.g. :-:;;0·2), the above analysis may be simplified.
In such cases we may approximate the lognormal distribution for fl [equation (29)] by a
normal distribution [equation (33)]. We then obtain in place of equation (50) the approxi
mate expression

1(:,'01 ." ,)(2nJa.(0' )lg(n,j~f~)IJ fln( ,)(2)(0,10,,) )r
0"20 0"20 g(nO)-(0"2/0"20)

exp1~~ [In (J(2)(~;0"j) no]
2

1' nnormal. (52)

g(no) - (0"2/0"20)

This equatIon has also been plotted in Fig. 4 (dashed lines). Note that the approximate
curve is very close to the exact curve for O"fl/no/(no -1) = o· t, whereas a sizable asymmetric
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error occurs for (J;vn'o/(no - I) = 004. The interval outside of g(no)/(l +~ 2) ::s;; (J 2/(J 20

g(no)/(l + 1/-/2) has no physical meaning, and portions of the approximate curves in thi\
region should be ignored.

Finally, after expanding equation (48) in a Taylor series about no, we may obtain
approximate closed form expressions for the statistical moments (see [6J). Again assuming
(JNn'o/(nO-1) small, we may truncate this series after the second order term and utilize the
statistical moments of the normal approximation to 11 to obtain

where

E{!;~} ~ 1+ 2 l;no(1~~!~';;~~::n~~;~_~)g(~Q)I(j~

v/(2)(2 - 1:IIO)(ln 2)(JII
(JIT f (J ~ ._--~---~---"'~-,''',,'' ,- ,--- - ----------.---------

2. 20 l1og(no)

(53al

(53b)

(54)

Table 1 gives several values of the statistical moments as calculated by numerical
integration (Fig. 5) and by the approximate Taylor series formulas [equations (53)J with
(JNn'o = 0·5. Note that &2/(J20 becomes less random as 11 0 increases.

TABl.E l. MEAN AND STANDARD DEVIATION OF fi21a20' aNnb 0·5

E{ fillalo} (J(J2i a 20

Numerical Taylor Numerical Taylor
no integration series integration series

3 1-00085 1·00342 0·02019 0·02037
5 1·00029 1-00077 0·00766 0,(>0765
7 1-000/2 1·00029 0-00398 0·00397

10 1-00004 1·00010 0·00198 0·00197

2. Velocity solution. Considering the velocity now, we obtain from equations (l4b) [with
~b) = seO)] in conjunction with equations (46) and (49) the relations

(v) 1 II .-;- =~. <I>(y) dy
Vo I 0

(
(J ) 110• . 20

Vo = ceO -;;::- I

(55a)

(55b)

(SSe)

where Do is the nominal velocity and H[n(y)] represents the right hand side ofequation (46)_
Here, we have again assumed that n(y) deviates by a small amount from a random variable
[equation (43)].
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Equation (55a) is similar in form to equation (36a) and proceeding in the same manner
we obtain for the mean and variance ofv!vo the expressions

(56a)

(56b)1 1
21

( 11 )(J~/i>o = I J
o

1-21 C<t>(11) d11

where C<t>(11) is the autocovariance of <lJ(Y). After specifying the autocovariance of N(y)
[e.g. equation (32)J, one may evaluate the autocovariance of n(y) from equation (31), and
then use equations (43), (46) and (55c) to find C<t>(11). Equations (56) then yield the mean and
the variance of the velocity.

The procedure described above will in general involve extensive numerical calculations.
Rather than pursue this course further, we will restrict our attention to the special case
N(y) and n(y) equal to random variables. As we learned in the random temperature problem,
this is a conservative assumption since it yields an upper bound on the variance [see equa
tions (41)]. Equations (46) and (51) yield in this case

(57)

(59)

(58)

which agrees with equation (14b).
Given that fl is lognormal [equation (29)J, we may find the probability density function of

vivo from equation (57). However, it is obtained in implicit form since equation (57) may not
be inverted in closed form. The result is

{ (no-l)2[ (n-I )J2}
f(~) = (no-l)eX~ 2«jNn~)2 In 0

Do /(2n)(j n' (n-1)(~) [In(1 +2(n-2)/2n)+ In ~'--J
'! NO. (1 2-(n-2)/2n)Do n + I n=h(i'/i'o)

.[U(:J -U(:o 1~~1~2)J
where n = h(v!vo) is the root of the expression

vIVo [I +2(n-2)/2nJn _1 = O.
g(no)"o

The lower cutoff [vIVo OJ corresponds with n ...... 00, while the upper cutoff [iJIVo = g(no)no!
(l + 1!~2)J corresponds with n = 1.

Equation (58) has been plotted in Fig. 6 (solid lines). The mean and the standard
deviation are readily obtained by numerical integration, and some typical curves are given
in Fig. 7. The velocity is clearly very sensitive to variations in imperfection density. For
example, considering again the values (JNn'o = 0·8 and no = 3, we obtain from Fig. 7
E{vIVo} = 1·094 and (ji>/i>o = 0·656. Furthermore, we note from Fig. 7 that the curves level
off rapidly and show little dependence on no in the range where experimental values are
most likely to fall. Also, in this range the mean velocity exceeds the nominal velocity.
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n6 :}
n LOGNORMAL

f

4

n LOGNORMAL OZ. DETERMINISTiC ~ 4.503

F1<i. 6. Density function of random imperfection problem.

As previously demonstrated, we may approximate the lognormal distribution for i1 by a
normal distribution when a,vlla/(no ~ I) s: 0·2. Equation (58) is then replaced by the
approximate implicit relation

11 normal (601

where n = h(iJ/iJol is defined by equation (59). This simplified equation has been plotted
in Fig. 6 (dashed lines). Again we ignore the interval outside of0 s: vltio s: g(no)"o/( I + I

n LOGNORMAL

NUMERICAL INTEGRATION

FIG. 7. Mean and standard deviation of random imperfection problem.
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Although equation (60) is simpler than equation (58), it is still in an inconvenient implicit
form. An alternate simplification may be obtained by utilizing the fact that (j2 is only slightly
random. Thus in equation (48) we assume that 112 is deterministic and equal to a20, where
upon the quantity 1+2(il- 2 l/ 2il is also deterministic and equal to g(no). Equation (57) then
simplifies to

(61)

This equation is easily inverted, and given that nis lognormal we obtain the density function
in explicit form as

. exp {-t;~~~~[ln(1-no
1

I i~[~{::MT}[u(:J-u(t~-g(norO-l)1
a2 deterministic. (62)

This equation has also been plotted in Fig. 6 (dash-dot lines). Since fh/a20 becomes less
random as no increases, equation (62) becomes more accurate with greater values of no.

Finally, we obtain approximate Taylor series formulas for the mean and variance.
Thus, assuming aNn~/(nO -1) to be small we expand equation (57) in a truncated Taylor
series about no and utilize the statistical moments for the normal approximation. By actual
numerical evaluation we find that the result shows an extremely small dependence on no,
and so a considerable simplification is obtained with negligible loss in accuracy by letting
no --;. ::IJ. Retaining terms up to the fourth order we obtain the result

E{;fJ ~ 1+ta;(ln(J(2) 1)]2 +!a~[ln(J(2)-1)]4

atl')o ~ a;[ln(./(2)-1)F + }a~[ln(J(2)-I)]4.

(63a)

(63b)

Table 2 gives a comparison of the statistical moments as obtained by numerical integration
(Fig. 7) and by approximate formulas (63) for aNnO= 0·5. Note that the approximate values
are rather crude for no = 3 [O'Nn~/(nO 1) = 0·25], but they improve rapidly as no increases.

TABLE 2. MEAN AND STANDARD DEVIATION OF Dlvo, (fNn'o 0·5

E{Z,/vo} (fi>lvo

Numerical Taylor Numerical Taylor
no integration series integration series

3 1·03893 1·10182 0·42548 0·50077
5 1·06823 1·10182 0·45880 0·50077
7 1·07894 1·10182 0-47355 0·50077

10 1·08637 1·10182 0·48462 0·50077
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5. SUMMARY OF RESULTS

We have presented significant statistical results pertaining to steady creep IJ1 a 3-bar
truss, where the load is deterministic while the material parameters f\ and n arc described
in a stochastic sense. The randomness in these parameters results from randomness in the
temperature and imperfection density, which have been assumed to be independenl
homogeneous normal random processes that are equal in the three bars. The problem has
been separated into two uncoupled parts·-the "random temperature problem" and tlw
"random imperfection problem". In the random temperature problem only 1-, is random,
whereas in the random imperfection problem only n is random. It has been shown that both
of these parameters are described by lognormal probability density functions. Experimental
evidence indicates that large fluctuations in both parameters are to be expected, and this
fact has guided the analysis.

The statistics of the stress and velocity have been found for the two problems. In the
random temperature problem, the stress is deterministic, whereas the velocity is very
sensitive to variations in temperature. We find that the mean velocity always excel-xis the
nominal velocity, and that the statistics of the velocity ratio (velocity divided by nomina!
velocity) are independent ofn. Similar results are found in the random imperfection problem.
Here the stress is found to be only very slightly random, whereas the velocity is again found
to be highly random as the imperfection density fluctuates. For values of the parameters of
greatest practical interest, we find that the mean velocity again exceeds the nominal
velocity and that the statistics of the velocity ratio exhibits only a minor dependence on the
nominal value of n. In both problems, simple and useful formulas are presented for the
statistical properties of the stress and velocity.
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A6cTpaKT'-'.ilacTcll alla;UB KaCafOlUl1ilclIl<jJ<jJen<l 6elnOpHIW~llblX napaMeTpoB MaTepHaJla Hero BlIHHHI111
Ila nocTOllHHYfO nOJllY'leCTb B TpeXCTep)l{eHeBOH <jJepMe.

napaMeTp 6elnop,U:1O~HOCTHBoo6me 60Jlbllloil.
3TO npHBOjJ,HTClI 6Jlaro,Uupll 6ecnopll,U~HOCTH no 0 lBouJeWlIO TeMllepaTypbl H1l,10THOCTH HeT\)~HOCTeiL

)J.alOTCll UHUJlHTH'IeCKMe H ~I1CJlCHHl>ie pelY;lbTaTI>J CTaTM~eCKMx CBOllcTB napaMeTpOB MaTepliuml H
CBOHCTB Hanpll)l{eHHI1 fI CKOpOCTll. YKalaHO. ~TO 6ecnopll,UO'lHOCTb BnapaMeTpax 6YjJ,eT COjJ,HOM: CTOPOlll>l
Bbl1bIBaTI> O~eHI> MaJlYIO 6eCnOpllJlO'lHOCTI> I> Mal1paroceMMux, JlO CllpyroH CTOpOHI>I O'leHb 3Ha'ilUeJlI>HYIO
no oTHOMeHI1H KCKOpOCnl.


